When modeling the emission of light from nanostructures, we typically study either (1) blackbody radiation or (2) dipole emission. For effective analysis, it is important to know how results from these two types of modeling are related. Here, we use the Kirchoff's reciprocity to study how interference affects the emissivity and number of emitted blackbody photons from a thin film for varying thickness. Next, we use the Lorentz' reciprocity to study how interference modifies the emission rate of a dipole placed within the same film. Finally, to find the connection between these two emission types, we use the Kirchoff's and Lorentz' reciprocity simultaneously for an arbitrary three dimensional large-area nanostructure. We show analytically how the blackbody radiation can be represented as the integrated emission from homogeneously distributed dipoles in the nanostructure. In this case, the dipole moment density is determined by the refractive index of the nanostructure.
The understanding of the emission of light is important for the analysis of many opto-electronics applications. For example, for solar cells, the voltage dependent emission of photons sets an upper limit on the open-circuit voltage and consecutively on the power output and efficiency [1] [2] [3] [4] [5] [6] [7] . For light emitting diodes (LEDs) in turn, the emission rate of photons dictates the fraction of recombination that goes through radiative and non-radiative channels, therefore affecting the efficiency of the LED [8] [9] [10] [11] .
The emission of light from nanostructures is often modeled either as blackbody radiation or as dipole emission. It is therefore important to know how the results obtained with these two different analysis methods are related.
When considering blackbody radiation, the geometry of the nanostructure affects the emissivity, which relates the emission of the nanostructure to that of a perfect blackbody [5, 12] . When considering the emission of light from a dipole inside the nanostructure, the interference of light in the nanostructure affects instead the emission rate and the re-absorption of photons. The blackbody radiation shows an explicit n 2 dependence of the refractive index of the surrounding medium [12] . In contrast, the dipole emission shows a dependence of n to the first power [13] . However at a fundamental level, the blackbody radiation should originate from emission within the structure. For example, the blackbody radiation can be analyzed in terms of the correlation of randomly fluctuating current sources placed inside the nanostructure [14] . However, in the dipole emission modeling we consider here, the dipole source does not fluctuate.
Here, to bring clarity to the connection between the modeling of blackbody radiation and this modeling of the dipole emission, we study theoretically the modified emission of light from a simple nanostructure model system, the planar thin film. We vary the film thickness and study the emission of photons from the top and the bottom side of the film. To study the blackbody radiation, we employ Kirchoff's reciprocity, which relates the absorptance of the structure to the emissivity. To study the dipole emission, we use the Lorentz' reciprocity, which relates the enhancement of incident light to the enhancement of the emission rate.
Finally, by combining Kirchoff's and Lorentz' reciprocity, we show analytically for an arbitrary three-dimensional nanostructure the connection between these two emission types. The blackbody radiation is formally equivalent to the emission from homogeneously distributed dipoles in the nanostructure.
We consider a thin-film system of thickness L and refractive index nfilm. The film is placed between two semi-infinite regions of refractive index ntop above and nbot below ( Fig. 1(a) ). We concentrate on the wavelength λ = 900 nm, but our conclusions apply for other wavelengths also. We use for the thin-film a refractive index of nfilm = 3.5 + i0.1 where the non-zero imaginary part induces absorption of light.
We define the emission angles θtop and θbot relative to the surface normal of the top and bottom interface, respectively. Due to the symmetry through rotation by an angle φ around the z axis, this thin-film system does not show a dependence on the azimuth angles φtop and φbot. We denote by TM (TE) polarized light such light that has (doesn't have) an electric field component in the propagation plane (see Fig. 1(a) ).
Any structure emits light at thermal equilibrium as blackbody radiation [12] . The emissivity e of the system describes how well the system emits compared to a perfectly emitting blackbody with e = 1. For the thin-film system in Fig. 1(a) , we consider explicitly the emissivity etop, TE(TM)(θtop) and ebot, TE(TM)(θbot) of TE and TM polarized light to the top and the bottom side at angles θtop and θbot, respectively. A convenient way to analyze the emissivity of a structure is to use Kirchoff's reciprocity which relates the emissivity of a structure to the absorptance A(λ) of the structure through A(λ) = e(λ) [12] . Here, A(λ) is the fraction of incoming photons that the structure absorbs at wavelength λ (note that we drop, unless otherwise marked, the explicit dependence on λ in the rest of the paper to simplify the notation). This reciprocity originates from the requirement that the system should at thermal equilibrium absorb as many of the incoming blackbody photons from the surrounding as it emits into the surrounding. The reciprocity holds separately for each incidence angle and polarization. That is, etop, TE(TM)(θtop) = Atop, TE(TM)(θtop) and ebot, TE(TM)(θbot) = Abot, TE(TM)(θbot) [2, 3] .
In our numerical optics modeling, we use a scattering matrix method [15] , which solves the Maxwell equations for a given geometry of the system and for given refractive indexes of the constituent materials. In this way, we take into account the interference of light reflected at the two interfaces of the thin film, including multiple scattering of light between the interfaces. We perform the simulation for light incident either from the top or the bottom side and calculate Atop, TE(TM)(θtop) and Abot, TE(TM)(θbot) to obtain the information needed for the emission analysis.
We show in Fig. 1 (b) the emissivity of the thin film at θtop = 0 and θbot = 0, respectively. First, we see that both etop and ebot go toward zero when L → 0. Thanks to the Kirchoff's reciprocity of e = A, we can understand this dependence on L from the expected behavior of the absorption of light: A film of decreasing thickness is expected to absorb less and less light so that e = A → 0 as L → 0.
Next, we find slight oscillations in ebot as L increases. Also this behavior can be understood from the analysis of the absorptance A. The oscillations originate from the L dependent interference between the incident light propagating toward the top side and the light reflected back from the top interface toward the bottom side. No such oscillations are visible in etop in Fig. 1(b) . To understand this difference, we study the reflection at the top and at the bottom interface. The reflection at the top interface for θtop = 0 is given from the Fresnel equations as Rtop = |nfilm -ntop| 2 / | nfilm + ntop| 2 ≈ 0.31, which is large enough to give noticeable contribution to Abot = ebot. In contrast, the reflection at the bottom interface for θtop = 0 shows a low value of Rbot = |nfilm -nbot| 2 / | nfilm + nbot| 2 ≈ 0.0002. Thus, for θtop = 0, the reflection of light from the bottom interface is expected to give a negligible contribution to Atop = etop.
Lastly, we see in Fig. 1(b) that both etop and ebot saturate for large L. Here, all the light that can couple into the thin film is absorbed. Therefore, Rtop and Rbot limit the absorption and consecutively the emissivity. Indeed, we find in Fig. 1 
(b) the limiting values of etop
Note that for this thin film system, we expect for θtop > 0 and θbot > 0 a faster convergence of the emissivity toward the corresponding reflection-limited values at large L since the light propagates effectively a longer distance inside the thin film. Thus, for L > 6000 nm, we do not expect to see in the emission properties any longer a dependence on the film thickness.
Next, we calculate dñ, the rate of emitted blackbody photons to the top and to the bottom side in a wavelength range dλ centered around the wavelength λ, per unit area of thin film [2, 3, 12] :
Here, the factor sin(θtop(bot)) arises from the integration over the solid angle. In contrast, the cos(θtop(bot)) factor arises from the properties of blackbody radiation [12] . Note that we use the tilde to discriminate dñ from n, the refractive index.
For easy presentation, we show the polarization summed response dñBB, top(bot) = (dñBB, TE,top(bot) + dñBB, TM,top(bot)). Also, we normalize the results to dñBB, n3.5, the polarization summed emission from a perfectly absorbing black body into an n = 3.5 medium. Explicitly, dñn3. 5BB is calculated with ATE(TM), bot = 1 in Eq. (1) .
The emission to the top and the bottom side saturates for L > 3000 nm, which orginates from a saturation of the θtop(bot) averaged etop(bot)cos(θtop(bot))sin(θtop(bot)) = Atop(bot)cos(θtop(bot))sin(θtop(bot)) with increasing L. The emission to the bottom side saturates for large L to a reflection-limited value very close to that of the perfectly absorbing black body, corresponding to a normalized value of 1 in Fig. 1(b) . Therefore, the θbot averaged Rbot(θbot)cos(θbot)sin(θbot) shows very low values, as could be expected from the small difference between nbot = 3.5 and nfilm = 3.5 + i0.1.
Furthermore, from Eq. (1), we would expect a nbot 2 / ntop 2 = 3.5 2 / 1 2 = 12.25 times lower emission into the top side at large L if both sides have a perfect anti-reflection coating with R = 0 (so that at large L, the reflectance-limited emission is given by e = A = 1 -R → 1). However, from Fig. 1(b) we find instead a difference by a Above, we considered the blackbody emission from the thin film. In that analysis, the emissivity of the film was modulated by the film thickness. Now we turn to look at dipole emission from a well-defined location inside the thin film. Note that we consider a material with an isotropic refractive index through the choice nfilm = 3.5 + 0.1i. In this case, the underlying optical response of the system is isotropic and we do not expect material-inherent directionality for the emission. Possible directionality of the emission is instead caused by the interference of light in the nanostructure. To describe a spherically emitting dipole, that is, a dipole that emits inherently without directionality, we use a dipole moment density Pdip = Pdip,xêx + Pdip,yêy + Pdip,zêz with isotropic Pdip,x = Pdip,y = Pdip,z ≡ Pdip.
We assume that the dipole occupies an infinitesimal volume dV around its center position r and emits in an infinitesimal wavelength range dλ centered around λ. In this case, the rate of photons emitted to the top and the bottom side is given by [13] :
Here, we chose to include a prefactor to 
. This factor is the local field enhancement, which originates from the Lorentz reciprocity [13] . In more detail, the electric field of the dipole emission in a direction θtop(bot) is reciprocal to the electric field |Eloc, top(bot),TE(TM)(r,θtop(bot))|, which an incoming plane wave from direction θtop(bot) of intensity |Einc, top(bot),TE(TM)(θtop(bot))| causes at the location of the dipole [13] . Since the intensity is proportional to the refractive index and the electric field squared, 2 top(bot) enh,top(bot),TE(TM) top(bot) ( , ) nE  r is proportional to the emitted intensity in direction θtop(bot) and hence enters Eq. (2). In order to calculate Eenh, we used the scattering matrix method [15] to calculate for varying incidence angle the electric field Eloc at the dipole position.
We study the emission of a dipole located at the top (z = 0), middle (z = L/2), and bottom (z = L) of the thin film (Fig. 2) . Also here, we present polarization averaged results. Similarly as for the blackbody radiation above, we normalize the emission with the emission in a homogenous n = 3.5 surrounding.
The dipole located at the top of the thin film, that is, closest to the top ntop = 1.0 side, emits less and less light to the bottom side with increasing L (Fig. 2(a) ). This decrease originates from the reabsorption of the emitted light inside the thin film before it reaches the bottom side. We note also that for small L, this dipole emits much stronger into the high-refractive index bottom side.
For the dipole placed in the middle of the thin film, the emission to both the top and the bottom side goes toward zero with increasing L (Fig. 2(b) ). In this case of L → ∞, emitted photons are re-absorbed before contributing to emission out from the thin film.
Finally, for the dipole at the bottom of the film, closest to the nbot = 3.5 side, we find that light emitted toward the top side is reabsorbed more and more with increasing L (Fig. 2(c) ). Furthermore, the emission to the bottom side settles to a value of 0.86 times the emission in the homogenous n = 3.5 surrounding. Here, this decrease is expected because of the reflection at the interface between the film with nfilm = 3.5 + i0.1 and the bottom side with nbot = 3.5, which goes toward 100% when θbot → 90⁰ where the sin(θbot) factor in Eq. (2), due to the integration over the solid angle, gives the largest contribution to the emission. Fig. 1(a) . Here, we show both dñdip, top and dñdip, bot, the emission rate to the top ntop = 1.0 side and to the bottom nbot = 3.5 side, respectively. The emission is normalized to the emission from a dipole in a homogeneous n = 3.5 refractive index surrounding.
Above we saw how we could model both the blackbody radiation and the dipole emission of the thin film system. However, the blackbody radiation shows an explicit dependence on (ntop(bot)) 2 [Eq. (1)] whereas the dipole emission shows a dependence on ntop(bot) to the first power [Eq. (2)]. However, with the Lorentz reciprocity and the Kirchoff's reciprocity we can show the connection between these two types of light emission modeling.
We perform the analysis for a general three-dimensional nanostructure. We allow for a φ dependence of the emission, in addition to the θ dependence of the thin film above. Then, the dipole emission in Eq. (2) generalizes, including λ dependence, to
Here, we use dip,gen ( , ) P  r to denote the dipole moment density in this general case. Note that we find in Eq. (3) the term
Similarly as above for the thin film, this local field enhancement factor originates from the Lorentz reciprocity [13] . This factor shows how much the emission into a specific direction is enhanced by interference effects in the nanostructure. It includes |Eloc, top(bot),TE(TM)(r,λ,θtop(bot),φtop(bot))|, the electric field intensity at the location r of the dipole due to |Einc, top(bot),TE(TM)(λ,θtop(bot),,φtop(bot))|, the electric field intensity of a TE(TM) polarized incident plane wave from polar angle θtop(bot) and azimuth angle φtop(bot) from the top (bottom) side. The blackbody radiation is in turn given by
To find the connection between these two emission types, we use that the absorbed power (Ohmic heating) for light incident from a direction given by θtop(bot) and φtop(bot) is (see Eq. (3) in [16] ): 
Here, Vstructure is the volume of the nanostructure. Specifically, notice that n(r,λ) can show spatial dependence inside the nanostructure. Such spatial dependence allows the nanostructure to consist of several different materials. The incident intensity is given by
where Astructure is the area of the nanostructure. Next, we employ that the absorptance is given by A = dPabs/dPinc. We obtain then, by using Eqs. (6)- (7) 
By comparing this equation to Eq. (3), we see that the choice
in Eq. (3) gives equivalency between the dipole emission and blackbody radiation, when the dipole emission is integrated over dipoles homogenously distributed through the volume of the nanostructure. Note that we by the use of this integration assume that the emission rate of one dipole does not depend on the existence of the other emitting dipoles in the nanostructure.
To show this correspondence in our numerical analysis of the thin film, we chose Pdip in Eq. (2) according to Eq. (9) and integrated over dipoles homogenously distributed throughout the volume of the thin film (see results marked by squares in Fig. 1(c) ). As expected from Eqs. (3)-(9), we find perfect agreement with the results from the blackbody calculation (solid lines in Fig. 1(c) ).
This description of blackbody radiation as emission from dipoles homogeneously distributed throughout the structure holds separately also for each polarization and emission direction. Finally, the dipole moment density Pdip, gen(r,λ) in Eq. (9) depends only on the material of the nanostructure at the location of the dipole, through its refractive index n(r,λ). Thus, Pdip, gen is a material parameter that describes the inherent optical transitions resulting in emission in the absorbing material at a given wavelength and temperature. To support this conclusion on the meaning of Pdip, gen, we used the Pdip, gen from Eq. (9) and assumed a homogenous surrounding, that is, Eenh = 1 and ntop = nbot = N, in Eq. (5) . In this way, we obtained the same total photon emission rate dñdip = (dñdip, TE.top + dñdip, TM.top + dñdip, TE.bot + dñdip, TM.bot) as with well-known results for photons emission in a homogenous semiconductor (see Eq. (10) in Ref. [17] ). However, very importantly, our results, derived with the Kirchoff's and Lorentz' reciprocity, show that this dipole moment density applies also for nanostructures where interference effects can be substantial.
In conclusion, we showed how the results from modeling of blackbody radiation and dipole emission in a nanostructure can be compared. We can obtain equivalent results from both types of modeling if we choose the dipole moment density according to Eq. (9) and integrate the dipole emission over dipoles distributed throughout the nanostructure. However, note that for comparable results and physics, we need to make sure to use the same refractive index for both types of modeling. Specifically, Im(n) > 0, which gives rise to e > 0 in blackbody emission modeling, must be included in the modeling of the dipole emission. Such Im(n) > 0 introduces re-absorption of photons in the modeling of the dipole emission.
